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Abstract
Let (R,m) be a commutative Noetherian local ring of dimension d and I an ideal of R. We show that
the set of associated primes of the local cohomology module H 2
I
(R) is finite whenever R is regular. Also,
it is shown that if x1, . . . , xd is a system of parameters for R, then D(Hi(x1,...,xi )(R)) has infinitely many
associated prime ideals for all i  d − 1, where D(−) := HomR(−,E) denotes the Matlis dual functor
and E := ER(R/m) is the injective hull of the residue field R/m. Finally, we explore a counterexample
of Grothendieck’s conjecture by showing that, if d  3, then the R-module HomR(R/I,Hd−1I (R)) is not
finitely generated, where I = (x1) ∩ (x2, . . . , xd).
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An important problem in commutative algebra is determining when the set of associated
primes of the ith local cohomology module HiI (R) of R with support in an ideal I is finite.
This question was raised by Huneke in [6] at the Sundance Conference in 1990, and will be our
main focus here. A. Singh [17] and M. Katzman [12] have given counterexamples to this con-
jecture. However, it is known that this conjecture is true in many situations. The first result were
obtained by Huneke and Sharp. In fact, Huneke and Sharp [8] (in the case of positive character-
istic) have shown that if R is a regular local ring containing a field then HiI (R) has only finitely
many associated primes for all i  0. Subsequently, G. Lyubeznik in [9] and [10] showed this
result for unramified regular local rings of mixed characteristic and in characteristic zero. Other
positive answer to this question include results in small dimension due to T. Marley in [13].
On the other hand, Lyubeznik conjectured that, if R is a regular ring and a an ideal of R, then
the local cohomology modules HiI (R) have finitely many associated prime ideals for all i  0,
(see [9, Remark 3.7(iii)]).
For a survey of recent developments on finiteness properties of local cohomology modules,
see Lyubeznik’s interesting paper [11].
One of the aim of this paper is to provide a partial answer to Lyubeznik’s conjecture. Namely,
we established the finiteness of the set of associated primes of local cohomology module H 2I (R)
for any ideal I in a regular local ring R.
Let (R,m) be a local (Noetherian) ring and let E := ER(R/m) denote the injective envelope
(or injective hull) of the R-module R/m. Also, let D(−) denote the exact contravariant functor
HomR(−,E), called the Matlis dual functor.
In the third section, we study the associated primes of the modules D(Hi(x1,...,xi )(R)) over a
local Noetherian ring (R,m), where x1, . . . , xi is a part of a system of parameters for R. More
precisely, we shall show that:
Theorem 1.1. Let (R,m) be a local Noetherian ring of dimension d , and let x1, . . . , xd be a sys-
tem of parameters for R. Then the R-modules D(Hi(x1,...,xi )(R)) have infinitely many associated
prime ideals, for all i < d .
One of our tools for proving Theorem 1.1 is the following:
Proposition 1.2. Let (R,m) be a d-dimensional Noetherian local ring, and let x1, . . . , xd be a
system of parameters for R. Then for each 1 i  d − 1, the set
S := {p ∈ SpecR | the images of x1, . . . , xi in R/p is a system of parameters for R/p}
is infinite.
It is well known that for a Noetherian ring R, an ideal I of R, and a finitely generated R-
module M , the local cohomology modules HiI (M) are not always finitely generated. On the
other hand, if (R,m) is a local ring with residue field k, then the local cohomology modules
Him(M) are Artinian, so HomR(k,H im(M)) is finitely generated. Taking this fact, Grothendieck
[4] conjectured the following:
If R is a Noetherian ring, then for any ideal I of R and any finitely generated R-module M ,
the module HomR(R/I,H i(M)) is finitely generated.I
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Let k be a field and let R = k[x, y, z,u]/(xy − zu). Set I = (x,u)R. Then
HomR
(
R/I,H 2I (R)
)
,
is not finitely generated.
Finally, in this section, we explore a counterexample of Grothendieck’s conjecture by showing
that, if (R,m) is d-dimensional local ring (d  3), x1, . . . , xd is a system of parameters for
R and 3  i  d , then the R-module HomR(R/I,H i−1I (R)) is not finitely generated, where
I = (x1) ∩ (x2, . . . , xi).
Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity
and I will be an ideal of R. For any R-module M , the ith local cohomology module of M with
support in I is defined by
HiI (M) = lim−→
n1
ExtiR
(
R/In,M
)
.
We refer the reader to [3] or [1] for the basic properties of local cohomology.
For any R-module L, the set of minimal elements of AssR L is denoted by mAssR L and
{p ∈ AssR L | dimR/p = dimL} by AsshR L. If (R,m) is a local ring, then m-adic completion
of R is denoted by Rˆ. By an analytically irreducible local ring, we mean a Noetherian local ring
such that Rˆ is a domain. Finally, for any ideal a of R, we denote {p ∈ SpecR: p ⊇ a} by V (a).
2. Associated primes of local cohomology modules
Let (R,m) be a local (Noetherian) ring. The purpose of this section is to establish some results
on the finiteness of associated primes of local cohomology module H 2I (R). The main result of
this section is Theorem 2.4, which provides a partial answer to the conjecture of Lyubeznik in [9].
The following proposition plays a key role in the proof of that theorem.
Proposition 2.1. Let (R,m) be a local (Noetherian) ring of dimension d  2 and let I be an
ideal of R such that dimR/I  d − 2. Suppose that p is a prime ideal of Rˆ with dim Rˆ/p = d .
Then AssR H 2I (Rˆ/p) is a finite set.
Proof. Since
AssR H 2I (Rˆ/p) ⊆
{
q ∩ R ∣∣ q ∈ Ass
Rˆ
H 2
I Rˆ
(Rˆ/p)
}
(see [13, Lemma 2.1]), we can assume that R is complete. Then in view of Cohen’s structure
theorem (see [14, Theorem 29.4]) there is a complete Gorenstein local ring A of dimension
d and a surjective ring homomorphism ψ : A → R. Let J = Kerψ , then we can assume that
R = A/J . Hence there exists an ideal L of A such that J ⊆ L and L/J = I . Now, we have
dimA/L = dimR/I  d − 2, and so gradeL 2. Therefore the set AssA H 2(A) is finite. Next,L
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q ∈ AssA A. Consequently, there exists a finitely generated A-module T such that the sequence
0 → A/q → A → T → 0,
of A-modules is exact. Hence, we obtain the following exact sequence,
0 → H 1L(T ) → H 2L(A/q) → H 2L(A).
As the set AssA H 1L(T ) is finite, it follows that AssA H
2
L(A/q) is a finite set. On the other hand,
it is easily seen that H 2L(A/q) ∼= H 2I (R/p), and so the desired result now follows. 
Corollary 2.2. Let (R,m) be an analytically irreducible local ring of dimension d . Let I be an
ideal of R such that dimR/I 	= d − 1. Then the set AssR H 2I (R) is finite.
Proof. If dimR/I = d , then dim Rˆ/I Rˆ = d . As Rˆ is an integral domain, it follows that I Rˆ = 0,
and so I = 0. Hence H 2I (R) = 0. Therefore we may assume that dimR/I  d − 2, and the
assertion follows now from Proposition 2.1 and [13, Lemma 2.1]. 
Remark 2.3. In [12], M. Katzman showed that there exists an analytically irreducible local ring
(R,m) of dimension 5 such that for some ideal I of R with dimR/I = 4 the R-module H 2I (R)
has infinitely many associated prime ideals. Hence we cannot omit the condition dimR/I 	= d−1
in the above corollary. However the following theorem, which is the main theorem of this section,
shows that we can remove this condition in the regular case.
Theorem 2.4. Let (R,m) be a regular local ring of dimension d and let I be an ideal of R. Then
the set AssR H 2I (R) is finite.
Proof. In view of Corollary 2.2 we may assume that dimR/I = d − 1. Now, let
X := {p ∈ mAssR R/I | heightp = 1} and Y := {p ∈ mAssR R/I | heightp 2}.
As R is a Catenary domain and dimR/I = d − 1, it follows that X 	= ∅. Furthermore, let
J =
⋂
p∈X
p and K =
⋂
p∈Y
p.
Then, since R is a UFD, it follows from [14, Ex. 20.3] that J is a principal ideal. Hence if Y = ∅
then
√
I = J , and so H 2I (R) = 0. Therefore we may assume that Y 	= ∅. Then heightK  2, and
so gradeK  2. Consequently the set AssR H 2K(R) is finite. We claim that height(J + K)  3.
For do this, suppose there exists a prime ideal q of R such that J +K ⊆ q and heightq = 2. Then
there exist p1 ∈ X and p2 ∈ Y such that p1 + p2 ⊆ q. As heightp2  2, it follows that q = p2, and
so p1 ⊂ p2, a contradiction.
Since height(J + K) 3 and R is regular, we have
H 0 (R) = H 1 (R) = H 2 (R) = 0,J+K J+K J+K
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√
I = J ∩ K , the Mayer–Vietoris sequence
(see e.g., [1, 3.2.3]) yields the exact sequence
0 → H 2K(R) → H 2I (R) → H 3J+K(R).
As the sets AssR H 2K(R) and AssR H
3
J+K(R) are finite, it follows that AssR H 2I (R) is also a finite
set. 
3. Matlis dual of local cohomology modules
Let (R,m) be a local Noetherian ring of dimension d , and let x1, . . . , xd be a system of param-
eters for R. In this section we shall study the associated primes of the modules D(Hi(x1,...,xi )(R)).
Before proving our main theorem in this section we need the following key lemma.
Lemma 3.1. Let (R,m) be a local (Noetherian) ring of dimension d , and let x1, . . . , xd be a
system of parameters of R. Then for each 1  i  d there exists a minimal prime ideal p over
(x1, . . . , xi) such that heightp = i and dimR/p = d − i.
Proof. Let p1 be a minimal prime ideal of R such that dimR/p1 = d . In view of [14, Theo-
rem 14.1], x1 /∈ p1, and hence dimR/(x1)+p1 = d −1. Therefore there is a minimal prime ideal
p over (x1) + p1 such that dimR/p = d − 1. Now it is easy to see that heightp = 1 and p is
minimal over (x1). Proceeding in the same way, we see that for each i = 1, . . . , d , there exists a
minimal prime ideal p over (x1, . . . , xi) such that heightp = i and dimR/p = d − i. 
Before bringing the next result, recall that for any ideal a of R, the cohomological dimension
of R with respect to a is defined as
cd(a,R) := max{i ∈ Z: Hia(R) 	= 0
}
.
Proposition 3.2. Let (R,m) be a d-dimensional Noetherian local ring, and x1, . . . , xd a system
of parameters. Then
(i) cd((x1, . . . , xi),R) = i for 1 i  d ;
(ii) dimHi(x1,...,xi )(R) = d − i.
Proof. (i) In view of Lemma 3.1, there exists a minimal prime ideal p over (x1, . . . , xi) such
that heightp = i and dimR/p = d − i. Thus by the Non-Vanishing Theorem (see e.g., [1, Theo-
rem 6.1.4]),
(
Hi(x1,...,xi )(R)
)
p
∼= HipRp(Rp) 	= 0.
Therefore Hi(x1,...,xi )(R) 	= 0, and so i = cd((x1, . . . , xi),R) by [1, Theorem 3.3.1].
(ii) As SuppHi(x1,...,xi )(R) ⊆ V (x1, . . . , xi), it follows from [14, Theorem 14.1] that
dimHi(x1,...,xi )(R) d − i, and so by (i)
dimHi(x1,...,xi )(R) = d − i.
This completes the proof. 
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d  2. Then for any subset x1, x2 of a system of parameters the set AssR H 2(x1,x2)(R) is finite.
Proof. It follows immediately from [14, Theorem 14.1] and Corollary 2.2. 
The following proposition will serve to shorten the proof of the next theorem.
Proposition 3.4. Let (R,m) be a d-dimensional Noetherian local ring, and let x1, . . . , xd be a
system of parameters for R. For each 1 i  d − 1, if
T = {p ∈ SpecR | height p = d − i},
then the set
S := {p ∈ T | the images of x1, . . . , xi in R/p is a system of parameters for R/p},
is infinite.
Proof. Suppose that S is finite. Since dimR/p 1 for all p ∈ S, it follows from Prime Avoidance
Theorem that m 	⊆⋃p∈S p. Therefore
m 	⊆
⋃
p∈AsshR/(x1,...,xi )
p ∪
⋃
p∈S
p.
Consequently, there exists y1 ∈ m such that y1 /∈⋃p∈S p and y1 /∈
⋃
p∈AsshR/(x1,...,xi ) p. Clearly
x1, . . . , xi, y1 is a part of a system of parameters for R, and so there exist elements y2, . . . , yd−i
in R such that x1, . . . , xi, y1, . . . , yd−i is a system of parameters for R. Now using Lemma 3.1,
it follows that there is a minimal prime p over y1, . . . , yd−i such that heightp = d − i and
dimR/p = i. Now one can easily check that the images of x1, . . . , xi in R/p consist a system of
parameters for R/p, and so p ∈ S. But y1 ∈ p, which is a contradiction. 
Now we are ready to state and prove the main theorem of this section, namely the infiniteness
result for associated primes of Matlis duality of the local cohomology modules Hi(x1,...,xi )(R).
Theorem 3.5. Let (R,m) be a local (Noetherian) ring of dimension d , and let x1, . . . , xd be a
system of parameters for R. Then, for each i < d , the associated primes of D(Hi(x1,...,xi )(R)) is
infinite.
Proof. Let i < d and let
S := {p ∈ SpecR | the images of x1, . . . , xi in R/p is a system of parameters for R/p}.
In view of Proposition 3.4, it is enough to show that
S ⊆ AssR D
(
Hi (R)
)
.(x1,...,xi )
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Hi(x1,...,xi )(R/p)
∼= Hi(x1,...,xi )R/p(R/p).
Therefore, according to Grothendieck’s Vanishing Theorem for every q ∈ V (p) with q 	= p we
have
Hi(x1,...,xi )+p(R/q) = 0.
Consequently, by [7, Theorem 2.2.1],
AssR/p
(
HomR
(
Hi(x1,...,xi )R/p(R/p),ER/p(R/m)
))= {p}.
Furthermore, we have
HomR
(
Hi(x1,...,xi )(R/p),ER(R/m)
)∼= HomR
(
Hi(x1,...,xi )(R/p),HomR
(
R/p,ER/p(R/m)
))
∼= HomR
(
Hi(x1,...,xi )(R/p),ER/p(R/m)
)
∼= HomR/p
(
Hi(x1,...,xi )(R/p),ER/p(R/m)
)
.
Therefore AssR D(Hi(x1,...,xi )(R/p)) = {p}.
The exact sequence
0 → p → R → R/p → 0
induces the following exact sequence
Hi(x1,...,xi )(R) → Hi(x1,...,xi )(R/p) → 0.
This exact sequence provides the exact sequence
0 → D(Hi(x1,...,xi )(R/p)
)→ D(Hi(x1,...,xi )(R)
)
,
and so p ∈ AssR D(Hi(x1,...,xi )(R)), as required. 
Corollary 3.6. Let the situation be as in Theorem 3.5. Then the set of all maximal members of
AssR D(Hi(x1,...,xi )(R)) is infinite.
Proof. In view of the proof of Theorem 3.5, it sufficient to show that every element of S
is maximal in AssR D(Hi(x1,...,xi )(R)). To do this, let p ∈ S and q ∈ SpecR such that q  p.
Then dimR/q < dimR/p = i, and so it follows from Grothendieck’s Vanishing Theorem that
Hi(x1,...,xi )
(R/q) = 0. Hence [7, Theorem 2.2.1] implies that q /∈ AssR D(Hi(x1,...,xi )(R)). This
proves the claim. 
The final result provides another counterexample of Grothendieck’s conjecture (see [4, Exposé
XIII, Conjecture 1.1]). For this, we shall use the following lemma in the proof of that result.
Recall that an R-module M is said to be a-cofinite if M has support in V (a) and ExtiR(R/a,M)
is finitely generated R-module for each i (see [5]).
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R-module such that dimM/IM = 1. Let t  1 be an integer such that the R-module Htm(M) is
I -cofinite. Then the R-module Ht−1I (M) is Artinian.
Proof. Suppose that Ht−1I (M) is not Artinian and look for a contradiction. To do this, as
dimM/IM = 1, there exists x ∈ m such that dimM/(I + Rx)M = 0. Consider the following
exact sequence
0 → H 1Rx
(
Ht−1I (M)
)→ Htm(M) → H 0Rx
(
HtI (M)
)→ 0
(cf. for instance [16, Corollary 3.5]).
Since Htm(M) is Artinian and I -cofinite, it follows from the above exact sequence and [15,
Corollary 4.4] that, the R-module H 1Rx(H t−1I (M)) ∼= H 1m(H t−1I (M)) is I -cofinite. As Ht−1I (M)
is a non-Artinian and I -cofinite module, by [2, Theorem 1], it yields that dimHt−1I (M) = 1.
Next, let L := (0 :
Ht−1I (M)
I ). Then L is a finitely generated R-module of dimension 1. There-
fore there exists p ∈ AttR H 1m(L) such that dimR/p = 1 and p ∈ V (I). Hence the R-module
HomR(R/I,H 1m(L)) is not finitely generated. That is H 1m(L) is not I -cofinite. Now, the exact
sequence
0 → L → Ht−1I (M) → Ht−1I (M)/L → 0,
provides the exact sequence
H 0m
(
Ht−1I (M)/L
)→ H 1m(L) → H 1m
(
Ht−1I (M)
)
.
It is easy to see that H 0m(H
t−1
I (M)/L) is an Artinian and I -cofinite R-module. Consequently
H 1m(L) is I -cofinite, which is a contradiction. 
Theorem 3.8. Let (R,m) be a local (Noetherian) ring of dimension d  3, and let
x1, . . . , xd be a system of parameters for R. Let I = (x1) ∩ (x2, . . . , xd). Then the R-module
HomR(R/I,Hd−1I (R)) is not finitely generated.
Proof. Let J := (x2, . . . , xd). Then the Mayer–Vietoris sequence yields the exact sequence
Hd−1m (R)
f→ Hd−1J (R)
g→ Hd−1I (R) → Hdm(R) → 0.
Now, since dimR/J = 1 it follows from Delfino–Marley’s result (see [2, Theorem 1]) that the
R-module Hd−1J (R) is J -cofinite. Hence, as Im(f ) is Artinian and (0 :Im(f ) J ) is finitely gen-
erated, it follows from Melkersson’s result (see [15, Proposition 4.3]) that Im(f ) is a J -cofinite
R-module. Therefore, the exact sequence
0 → Im(f ) → Hd−1J (R) → Im(g) → 0,
implies that Im(g) is also J -cofinite.
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HomR(R/J,Hd−1I (R)) is also finitely generated. Moreover, the exact sequence
0 → Im(g) → Hd−1I (R) → Hdm(R) → 0
provides the exact sequence
HomR
(
R/J,Hd−1I (R)
)→ HomR
(
R/J,Hdm(R)
)→ Ext1R
(
R/J, Im(g)
)
.
It follows that, the R-module HomR(R/J,Hdm(R)) is finitely generated, and hence by Melk-
ersson’s result, the R-module Hdm(R) is J -cofinite. Consequently, by Lemma 3.7, the R-module
Hd−1J (R) is Artinian. On the other hand, by Proposition 3.2, we have dimH
d−1
J (R) = 1, which
is a contradiction. 
Theorem 3.9. Let (R,m) be a (Noetherian) local ring of dimension d  3, and let x1, . . . , xd
be a system of parameters for R. Let 3 i  d and I = (x1) ∩ (x2, . . . , xi). Then the R-module
HomR(R/I,H i−1I (R)) is not finitely generated.
Proof. In view of Lemma 3.1, there is a minimal prime ideal p over (x1, . . . , xi) such that
heightp = i. Then x1/1, . . . , xi/1 ∈ pRp is a system of parameters for Rp, and hence by Theo-
rem 3.8, the Rp-module HomRp(Rp/IRp,H
i−1
IRp
(Rp)) is not finitely generated. This implies that
the R-module HomR(R/I,H i−1I (R)) is not finitely generated, as required. 
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